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0. Introduction
The notion of measure has many variants and generalizations. In the most common case a measure is a real-valued set
function that satisfies some requirements of regularity, monotonicity and (or) additivity. There are two obvious ways of
generalization: to weaken or to change requirements or to consider a set function with values other than real numbers.
The first way has naturally led to the introduction of non-additive measures or capacities by Choquet [1]. Properties of
monotonicity and regularity are still valid for capacities, while additivity is either dropped or replaced by another property,
e.g. subadditivity or maxitivity [2].
Going the second way, we mostly consider either vector measures or measures with values in a poset. The latter are
called fuzzy measures, plausibility measures or lattice-valued capacities [3,4], although some authors use these terms also for
real-valued measures with special properties.
We are going to combine both directions and consider the non-additive measures with values in a compact
Hausdorff–Lawson lattice.
A major part of the classical measure theory concerns the relations between measures and integration. For example,
due to the famous Riesz theorem we can identify regular probability measures on a compactum with normalized linear
functionals on the Banach space of all continuous real-valued functions. A straightforward analogue of the Riesz theorem is
known for non-additive measures [5]. It involves the Choquet integral which is, informally speaking, the Lebesgue integral
with respect to a non-additive real-valued measure. The Choquet integral serves well in many circumstances when it is
necessary to transfer to capacities some results on additive measures. It was used, e.g. in [5,6] to define a compact Hausdorff
topology on the space of regular capacities on a compact Hausdorff topological space. In the latter paper the construction of
the space of capacities was extended to a functor in the category of compact Hausdorff spaces. It was shown that this functor
is the functorial part of the capacity monad. The capacity monad is a counterpart of the probability measure monad [7]. It is
more convenient (and it is usually done) to define the probability measure monad in terms of normed linear functionals
on the space of continuous functions on a compactum, rather than in terms of set functions [7]. Unfortunately, the Choquet
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integral is inappropriate for a similar purpose for the capacity monad. The aim of this paper is to show that an another
functional, namely the Sugeno integral [8], can be used to define a monad that is isomorphic to the capacity monad.
An additional complexity arises here in relation with possible lack of connectedness for a lattice which is a codomain
of our functions and functionals. If it is ‘‘bad’’, then the collection of lattice-valued continuous functions is rather poor and
cannot distinguish measures well. Therefore we use upper semicontinuous functions, and some basic apparatus has been
developed for this task. If a lattice is arcwise connected, then continuous functions are sufficient, and most results of this
paper have simpler ‘‘continuous’’ counterparts. To formulate and prove them is an easy problem for the reader. We will not
pay attention to this case.
1. Preliminaries
A compactum is a compact Hausdorff topological space. We regard the unit segment I = [0; 1] as a subspace of the real
line with the natural topology. We write A⊂
cl
B or A⊂
op
B if A is a closed or resp. an open subset of a space B. For a set X the
identity mapping X → X is denoted by 1X .
For a compactum X wedenote by exp X the set of all nonempty closed subsets of X equippedwith the Vietoris topology [7].
The standard base of the latter consists of all the sets of the form
〈U1, . . . ,Un〉 = {F ∈ exp X | F ⊂ U1 ∪ · · · ∪ Un, F ∩ Ui 6= ∅ for all i = 1, . . . , n},
where U1, . . . ,Un are open sets in X . A useful sub-base in exp X consists of sets
〈U〉 = {F ∈ exp X | F ⊂ U} and 〈X,U〉 = {F ∈ exp X | F ∩ U 6= ∅}
for all open U ⊂ X . It is known that exp X is a compactum as well, so we can consider compacta exp2 X = exp(exp X),
exp3 X = exp(exp2 X) etc.
See [9] for the definitions of category, functor, natural transformation, monad, morphism ofmonads. For a categoryC the
collection of all its object is denoted by ObC. We denote by Comp the category of compacta which consists of all compacta
and their continuousmappings, and 1Comp is the identity functor inComp. If there is a natural transformation of one functor
in Comp to another with all components being topological embeddings, then the first functor is called a subfunctor of the
latter [7].
A partially ordered set (X,6) is called directed (filtered) if for all a, b ∈ X there is c ∈ X such that a 6 c , b 6 c (resp. c 6 a,
c 6 b). In particular, a family of sets A is called directed (filtered) by inclusion if for all A, B ∈ A there is C ∈ A such that
C ⊃ A ∪ B (resp. C ⊂ A ∩ B). If a poset contains the least (the greatest) element, we denote it by 0 (resp. 1).
Here we consider only (semi)lattices that contain at least two elements. Recall that an upper (lower) semilattice (L,6) is
called topological if L carries a topology such that the supremum x ∨ y (respectively the infimum x ∧ y) is continuous with
respect to x, y ∈ L. If the supremum and the infimum both exist for each x, y ∈ L and are continuous, call L a topological
lattice. Call an upper (lower) semilattice (L,6) complete if for each nonempty set A ⊂ L there is sup A (resp. inf A). If (L,6)
is a lattice and for each nonempty A ⊂ L there are sup A and inf A, call the lattice complete. An upper (lower) topological
semilattice (L,6, τ ) is called an upper (resp. lower) Lawson semilattice, if it has a basis of open sets that consists of upper
(lower) subsemilattices. It L is a compactum, the latter requirement is equivalent to the completeness of L as an upper
(lower) semilattice and the mapping sup : exp L→ L (resp. inf : exp L→ L), which sends each nonempty closed A ⊂ L to
its supremum (infimum), being continuous with respect to the Vietoris topology. A Lawson lattice is a complete distributive
topological lattice (L,6, τ ) that has a base of open sets that consists of sublattices. In the compact case it is equivalent to
the completeness of L and the continuity of the mappings sup : exp L→ L and inf : exp L→ L.
For an arbitrary subset A of a poset Lwe denote:
A↓ = {β ∈ L | β 6 α for some α ∈ A},
A↑ = {β ∈ L | β > α for some α ∈ A}.
Lemma 1.1. Let L be a compact Hausdorff topological upper semilattice. If a set A ⊂ L is closed (or open), then the set A↓ ⊂ L is
closed (resp. open).
For the proof see [4].
A complete lattice L is called completely distributive [10] if, for any doubly indexed family {xj,k | j ∈ J, k ∈ Kj} of L, we
have
inf{sup{xj,k | k ∈ Kj} | j ∈ J} = sup{inf{xj,f (j)|j∈J}f ∈ F},
where F is the set of choice functions f choosing for each index j of J some index f (j) in Kj. Each compact Hausdorff–Lawson
lattice is completely distributive.
The following lemma is dual to a statement thatwas first published in [11]. For an element x of a complete lattice L denote
x+ = inf{y ∈ L | y 
 x} and put x∗ = sup{s+ | s ∈ L, s 6> x}. Then:
Lemma 1.2. L is completely distributive if and only if x∗ = x for each x ∈ L.
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2. Upper semicontinuous functions
In this section we consider properties of upper semicontinuous lattice-valued functions and define a compact Hausdorff
topology on the space of all upper semicontinuous functions from a compactum to a compact Hausdorff–Lawson lattice.
In the sequel we adopt a usual convention: if f , g are functions A→ B, an operation ∗ : B× B→ B is defined and b ∈ B,
then the functions f ∗ g, b ∗ f : A → B are defined by the formulae (f ∗ g)(a) = f (a) ∗ g(a), (b ∗ f )(a) = b ∗ f (a) for all
a ∈ A.
Definition 2.1. A mapping f from a topological space T to a topological lattice L is called upper semicontinuous (or lower
semicontinuous) if for any t ∈ T and a neighborhood V 3 f (t) in L there is a neighborhood U 3 t in T such that f (U) ⊂ V↓
(resp. f (U) ⊂ V↑).
It is obvious that for a compact Hausdorff–Lawson lattice L a mapping f : T → L is continuous if and only if f is upper
semicontinuous and lower semicontinuous.
Definition 2.2. Let A be a subset of a set X , and let a poset L have the least element 0 and the greatest element 1. Then the
characteristic mapping of A is the function χA : X → L defined by the formula
χA(x) =
{
1, x ∈ A,
0, x 6∈ A, x ∈ X .
It is trivial to show that if X is a topological space and L is a Hausdorff topological lattice, than χA is upper (or lower)
semicontinuous if and only if A is closed (resp. open) in X .
Remark. For the rest of this papermonotonic will always mean isotonic and never anti-isotonic.
Let USC(X, L) be the set of all upper semicontinuous functions from a compactum X to a compact Hausdorff–Lawson
lattice L. The subgraph of ϕ ∈ USC(X, L) is the set subϕ = {(x, α) ∈ X × L | α 6 ϕ(x)}. If X is a compactum and L
is a compact Lawson upper semilattice, then subϕ is closed in X × L, but the set of subgraphs of all upper semicontinuous
functions X → L is not closed in exp(X×L) for all non-linearly ordered lattices L and infinite compacta X . Therefore for each
upper semicontinuous function ϕ : X → L we also consider its multisubgraph, i.e. the set msubϕ = {(F , α) ∈ exp X × L |
α 6 supx∈F ϕ(x)}.
The set of all multisubgraphs of elements of USC(X, L) consists of all subsetsM ⊂ exp X × L such that
1. if F ,G ∈ exp X , γ ∈ L, then (F ∪ G, γ ) ∈M if and only if there are (F , α), (G, β) ∈M such that γ 6 α ∨ β;
2. M contains exp X × {0};
3. M is closed.
Observe that (1)–(3) imply that if (F , α) ∈ M, α > β ∈ L, F ⊂ G ∈ exp X , then (G, β) ∈ M. Given msubϕ
for ϕ ∈ USC(X, L), we can find a value of ϕ by the formula ϕ(x) = sup{α | ({x}, α) ∈ msubϕ}. Thus the mapping
msub : USC(X, L) → exp(exp X × L) which sends each upper semicontinuous function to its multisubgraph is injective.
We define a topology on USC(X, L) by the requirement that msub is an embedding. All subsets of exp X × L that satisfy the
previous conditions (1)–(3) form a closed set in exp(exp X × L), therefore USC(X, L)with the defined topology is a compact
Hausdorff space.
Lemma 2.3. For each nonempty closed set F ⊂ USC(X, L) its pointwise supremum is upper semicontinuous and depends on
F ∈ expUSC(X, L) continuously.
In fact it means that USC(X, L) is a compact Hausdorff–Lawson upper semilattice.
Lemma 2.4. A monotonic mapping i : USC(X, L) → L is upper semicontinuous if and only if for each function ϕ ∈ USC(X, L)
and each neighborhood U of i(ϕ) there is a neighborhood V ⊃ subϕ such that i(ψ) ∈ U↓ for all ψ ∈ USC(X, L), subψ ⊂ V .
Proofs of the last two lemmata are straightforward.
Lemma 2.5. Let (X,6) be a compact Hausdorff–Lawson upper semilattice. Then the set USC6(X, L) of all monotonic upper
semicontinuous functions X → L is closed in USC(X, L), and the restriction of the mapping sub : USC(X, L)→ exp(X × L) to
USC6(X, L) is an embedding.
Proof. If ϕ ∈ USC(X, L) is monotonic, then
subϕ = {(x, α) ∈ X × L | α 6 ϕ(x)}
= {(sup F , α) | F ∈ exp X, α ∈ L, α 6 sup
x∈F
ϕ(x)} = {(sup F , α) | (F , α) ∈ msubϕ}.
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Thus subϕ is the image of msubϕ under the continuous mapping
exp(sup
X
×1L) : exp(exp X × L)→ exp(X × L),
where supX : exp X → X sends each nonempty closed set in X to its least upper bound. For msub is an embedding, the
restriction of sub to USC6(X, L) is continuous and injective.
Observe also that for any (not necessarily monotonic) ϕ ∈ USC(X, L) the set
{(sup F , α) | F ∈ exp X, α ∈ L, α 6 sup
x∈F
ϕ(x)} = {(sup F , α) | (F , α) ∈ msubϕ}
is the subgraph of somemonotonic upper semicontinuous functionψ : X → L. Thus the set of subgraphs ofmonotonic upper
semicontinuous functions is the image of the compactum USC(X, L) under the continuous mapping exp(supX ×1L) ◦msub ,
therefore is a compactum as well. Taking into account that for all ψ ∈ USC(X, L) the set
msubψ = {(exp pr1(F ), sup pr2(F )) | F ⊂
cl
subψ}
continuously depends on subψ , we obtain the compactness of the set ofmultisubgraphs ofmonotonic upper semicontinuous
functions, i.e. the compactness of the set of such functions themselves. Thus the set USC6(X, L) is closed in USC(X, L), and
sub embeds it into exp(X × L). 
Let f : X → Y be a continuous mapping of compacta. The mapping USC(f , L) : USC(Y , L) → USC(X, L) which sends
each ϕ to ϕ ◦ f is continuous, therefore we obtain a contravariant functor USC(−, L) in the category of compacta.
3. Capacities with values in a compact Hausdorff (semi) lattice
This section contains a brief exposition of notions introduced and facts proved in [4].
Let X be a set, F be an algebra of subsets of X , L be a partially ordered set with a bottom element 0 and a top element 1.
A function c : F → L is a plausibility measure [3] if:
(1) c(∅) = 0, c(X) = 1;
(2) A ⊂ B, A, B ∈ F imply c(A) 6 c(B) in L.
We impose additional restrictions on X , L and c and obtain a definition of a lattice-valued capacity.
Let L be a compact Hausdorff topological upper semilattice that contains the least element. A function c : exp X∪{∅} → L
is called an L-valued capacity on a compactum X if the following hold:
1. c(∅) = 0, c(X) = 1;
2. for each closed subsets F , G in X the inclusion F ⊂ G implies c(F) 6 c(G) (monotonicity);
3. if F ⊂ X is closed and c(F) is in a neighborhood V ⊂ L, then there exists an open subset U ⊃ F such that c(G) ∈ V↓ for
any closed G ⊂ X such that G ⊂ U (upper semicontinuity).
Note that a capacity that complies to this definition is normalized and outer regular [2]. The set of all L-valued capacities on
a compactum X is denoted byMLX .
The subgraph of a capacity c ∈ MLX is a set sub c = {(F , α) | F ∈ exp X, α ∈ L, α 6 c(F)} ⊂ exp X × L.
Let X be a compactum, L be a compact Hausdorff topological lattice. We define a topology on MLX by a sub-base which
consists of all sets of the form
O+(U, V ) = {c ∈ MLX | there is F ⊂
cl
U such that c(F) > α for some α ∈ V }
= {c ∈ MLX | there is F ⊂
cl
U, c(F) ∈ V↑},
where U ⊂
op
X , V ⊂
op
L, and
O−(F , V ) = {c ∈ MLX | c(F) 6 α for some α ∈ V } = {c ∈ MLX | c(F) ∈ V↓},
where F ⊂
cl
X , V ⊂
op
L.
Denote by sub the mappingMLX → exp(exp X × L)which sends each capacity to its subgraph.
Theorem 3.1 (1, [4]). Let X be a compactum, L be a compact Hausdorff topological lattice. Then the space MLX is a compactum,
and the mapping sub : MLX → exp(exp X × L) is an embedding.
Let f : X → Y be a continuous mapping of compacta. Define a mapping MLf : MLX → MLY by the formula
MLf (c)(F) = c(f −1(F)). Then the correspondenceML is a functor in the category of compacta Comp.
Observe that the equality
ηLX(x)(F) =
{
1, if x ∈ F ,
0, if x 6∈ F ,
defines a continuous injective mapping, and therefore an embedding ηLX : X ↪→ MLX . The collection ηL = (ηLX)X∈ObComp
is a unique natural transformation 1Comp → ML.
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Lemma 3.2 (11, [4]). Let L be a compact Hausdorff topological lattice, X be a compactum, F be closed in X and A be closed in L.
Then the set {c ∈ MLX | c(F) ∈ A↑} is closed in MLX.
Call a closed set F ⊂ Xα-reliable with respect to a capacity C ∈ ML2X if C({c ∈ MLX | c(F) > α}) > α. Obviously, F is
α-reliable with respect to C ∈ ML2X if and only if there is a closed subset F ⊂ MLX such that C(F ) > α and c(F) > α for
all c ∈ F .
Take C ∈ ML2X and define a mapping µLX(C) : exp X ∪ {∅} → L by the formula µLX(C)(F) = sup{α ∈ L | C(Fα) > α}
for F ⊂
cl
X . In other words, µLX(C)(F) is the least upper bound of all α ∈ L such that F is α-reliable.
By Lemmata 14, 15 [4], the function µLX(C) is a capacity on X , and the mapping µLX : ML2X → MLX is continuous.
The following is a ‘‘lightweight’’ version of Theorem 3 [4].
Theorem 3.3. Let L be a compact Hausdorff–Lawson lattice. The mappings µLX : ML2X → MLX for X ∈ ObComp form a
natural transformation µL : ML2 → ML, and the tripleML = (ML, ηL, µL) is a monad.
If for α ∈ L, F ⊂
cl
X , C ∈ ML2X the inequality C(F ) 6 α holds for each family F ⊂
cl
MLX such that F ⊂ FL\{α}↓, the call the
set Fα-safewith respect to the capacity C.
If L is a compact Hausdorff–Lawson lattice, then by Theorem 3 [4] the mapping µLX has an equivalent alternative
definition: µLX(C)(F) equals to the greatest lower bound of all α ∈ L such that F is α-safe with respect to C.
4. Lattice-valued Sugeno integral
Due to Riesz Theorem it is possible to identify elements of the set PX of all regular probability measures on a compactum
X with normalized linear functionals on the Banach space of all continuous real-valued functions. We will establish an
analogous relationship between lattice-valued capacities and functionals on the set of upper semicontinuous lattice-valued
functions on a compactum.
In the sequel X is a compactum, L is a compact Lawson lattice, c is an L-valued capacity on X and ϕ : X → L is an upper
semicontinuous function. We define the Sugeno integral of ϕ with respect to c by the formula used in [8] for real-valued
functions:∫ ∨
X
ϕ(x) ∧ dc(x) = sup{c({x ∈ X | ϕ(x) > α}) ∧ α | α ∈ L}.
We extend terminology of [4] from sets to functions and say that a function ϕ is (c, α)-reliable for c ∈ MLX , α ∈ L if
c({x ∈ X | ϕ(x) > α}) > α. Equivalently, ϕ is (c, α)-reliable if there is a closed set A ⊂ X such that c(A) > α and f (x) > α
for all x ∈ A. Then ∫ ∨X ϕ(x) ∧ dc(x) is a least upper bound of all α ∈ L such that ϕ is (c, α)-reliable.
Similarly to [4], we call a function ϕ(c, β)-safe for c ∈ MLX , β ∈ L if for any closed F ⊂ X such that ϕ(x) 
 β for all x ∈ F
we have c(F) 6 β .
A function ϕ is strongly (c, β)-safe for c ∈ MLX , β ∈ L if there is a closed set B ⊂ X such that c(B) 6 β and ϕ(x) 6 β for
all x ∈ X \ B.
It is obvious that if ϕ is strongly (c, β)-safe, then it is (c, β)-safe, but the converse is false.
Proposition 4.1. For a compactum X, a compact Lawson lattice L, a capacity c ∈ MLX and an upper semicontinuous function
ϕ : X → L, the greatest lower bounds of the sets B = {β ∈ L | ϕ is β-safe} and Bs = {β ∈ L | ϕ is strongly β-safe} coincide
with
∫ ∨
X ϕ(x) ∧ dc(x).
Proof. For Bs ⊂ B, we obtain infBs > infB. We will prove the converse inequality. Let V be an open neighborhood of
some β ∈ B and β ′ = sup V . The set V↓ is open, ϕ is upper semicontinuous, therefore the set F = {x ∈ X | ϕ(x) ∈ L\V↓} is
closed in X , and ϕ(x) ∈ V↓, thus ϕ(x) 
 sup V = β ′ > β for all x 6∈ F . By (c, β)-safety of ϕ, we conclude that c(F) 6 β 6 β ′,
whichmeans thatϕ is strongly (c, β ′)-safe. The lattice L is Lawson, thus eachβ ∈ B is a touch point ofBs, and infB > infBs,
thus infBs = infB.
Let ϕ be (c, α)-reliable and strongly (c, β)-safe. Choose A, B⊂
cl
X such that c(A) > α, ϕ(x) > α for all x ∈ A, c(B) 6 β
and ϕ(x) 6 β for all x ∈ X \ B. Suppose α 
 β , then the inequalities ϕ(x) > α and ϕ(x) > β are incompatible, therefore
A ∩ (X \ B) = ∅, and A ⊂ B, which implies α 6 c(A) 6 c(B) 6 β , thus α 6 β . We conclude that the least upper bound of all
such α precedes the greatest lower bound of all such β , thus∫ ∨
X
ϕ(x) ∧ dc(x) 6 infBs.
Let γ ∈ L, γ 6> infB, then ϕ is not (c, γ )-safe. There is a closed set F ⊂ X such that c(F) 
 γ and ϕ(x) 
 γ for all x ∈ F .
Thus c(F) > γ+ (cf. Lemma 1.2), ϕ(x) > γ+ for all x ∈ F , and F is (c, γ+)-reliable. It implies
∫ ∨
X ϕ(x) ∧ dc(x) > γ+ for all
γ 6> infB, therefore∫ ∨
X
ϕ(x) ∧ dc(x) > infB.
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The required equality∫ ∨
X
ϕ(x) ∧ dc(x) = infB = infBs
is proved. 
It is obvious that the following formula also defines the Sugeno integral:∫ ∨
X
ϕ(x) ∧ dc(x) = sup{c(F) ∧ inf
x∈F ϕ(x) | F ∈ exp X}.
Thus we can define the lattice-valued Sugeno integral in (at least) four equivalent ways.
Theorem 4.2 (Representation Theorem). Let L be a compact Hausdorff–Lawson lattice, X be a compactum, c be an L-valued
capacity on X. The functional i : USC(X, L)→ L, i(ϕ) = ∫ ∨X ϕ(x) ∧ dc(x) for ϕ ∈ USC(X, L), has the following properties:
1. for all ϕ,ψ ∈ USC(X, L) the inequality ϕ 6 ψ (i.e. ϕ(x) 6 ψ(x) for all x ∈ X) implies i(ϕ) 6 i(ψ) (i is monotonic);
2. i satisfies the equalities i(α ∧ ϕ) = α ∧ i(ϕ), i(α ∨ ϕ) = α ∨ i(ϕ) for any α ∈ L, ϕ ∈ UCS(X, L);
3. i is upper semicontinuous.
Conversely, any functional i : USC(X, L)→ L satisfying (1)–(3) has the form i(ϕ) = ∫ ∨X ϕ(x)∧dc(x) for a uniquely determined
capacity c ∈ MLX.
Proof. It is easy to verify that the Sugeno integral with respect to c ∈ MLX satisfies (1). By the latter formula for the Sugeno
integral, we obtain (2). To prove (3), we show an even stronger (but equivalent for monotonic functionals) property: if∫ ∨
X ϕ(x)∧ dc(x) ∈ V for ϕ ∈ USC(X, L), c ∈ MLX and open V ⊂ L, then there is an open set U ⊂ X × L such that subϕ ⊂ U ,
and for allψ ∈ USC(X, L) the inclusion subψ ⊂ U implies ∫ ∨X ψ(x)∧dc(x) ∈ V↓. We can also represent the Sugeno integral
as follows:∫ ∨
X
ϕ(x) ∧ dc(x) = sup{inf(pr2(H)) ∧ c(pr1(H)) | H ⊂
cl
subϕ,H 6= ∅}.
The mapping which sends each H ∈ exp(X × L) to inf(pr2(H)) ∧ c(pr1(H)) ∈ L is upper semicontinuous, L is Lawson,
thus there is an open neighborhood U ⊃ subϕ in exp(X × L) such thatH ∈ exp(X × L),H ⊂ U implies
sup{inf(pr2(H)) ∧ c(pr1(H)) | H ∈ expH} ∈ V↓.
Then subψ ⊂ U also implies∫ ∨
X
ψ(x) ∧ dc(x) = sup{inf(pr2(H)) ∧ c(pr1(H)) | H ∈ exp(subψ)} ∈ V↓.
Observe that c can be recovered from the integral by the formula
c(F) =
∫ ∨
X
χF (x) ∧ dc(x)
for a closed set F ⊂ X . Therefore such c is unique for a given functional i.
Let a functional i : USC(X, L)→ L satisfy (1)–(3). Define a function c : exp X ∪ {∅} → L by the above formula. Then c is
an L-valued capacity. Let ϕ : X → L be an upper semicontinuous function. If ϕ is (c, α)-reliable, then there is a closed set
A ⊂ X such that c(A) > α and ϕ(x) > α for all x ∈ A. Then ϕ(x) > α ∧ χA(x) for all x ∈ X , thus
i(ϕ) > i(α ∧ χA) = α ∧ i(χA) = α ∧ c(A) = α.
It implies i(ϕ) >
∫ ∨
X χF (x) ∧ dc(x). If ϕ is strongly (c, β)-safe, then there is a closed set B ⊂ X such that c(B) 6 β and
ϕ(x) 6 β for all x ∈ X \ B. For all x ∈ X we have ϕ(x) 6 β ∨ χB(x), therefore
i(ϕ) 6 i(β ∨ χB) = β ∨ i(χB) = β ∨ c(B) = β,
which implies i(ϕ) 6
∫ ∨
X χF (x) ∧ dc(x). Thus i(ϕ) is equal to
∫ ∨
X χF (x) ∧ dc(x) for all ϕ ∈ USC(X, L). 
5. Lattice-valued fuzzy integrals
Now we consider relations between different classes of upper semicontinuous functionals on the space of upper
semicontinuous functions on a compactum.
It is easy to see that the set T (X, L) of all functions of the form α∧χF , with F ⊂
cl
X , α ∈ L, is closed in USC(X, L). A function
X → L is upper semicontinuous if and only if it is the pointwise supremum of some closed set of functions that belong to
T (X, L).
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A principal property of the Sugeno integral is that (unlike the Choquet integral) the functional i(ϕ) = ∫ ∨X ϕ(x) ∧ dc(x)
for all ϕ ∈ USC(X, L) satisfies the property
i(ϕ) = sup{i(α ∧ χF ) | α ∈ L, F ⊂
cl
X, α ∧ χF 6 ϕ}. (∗)
In other words, i(ϕ) is equal to a least upper bound of all i(θ) for θ ∈ T (X, L) such that θ 6 ϕ. It is obvious that (∗) implies
monotonicity.
In the sequel we show that for a wide class of functionals on USC(X, L) the latter property is equivalent to horizontal
maxitivity [12]. A functional i : USC(X, L)→ L is called horizontally maxitive1 if for all ϕ,ψ ∈ USC(X, L), λ ∈ L the equality
(λ ∧ ϕ) ∨ ψ = ϕ implies i(λ ∧ ϕ) ∨ i(ψ) = i(ϕ). For an element of T (X, L) is a simple function with at most one non-zero
step, we will call the property (∗) step maxitivity.
Theorem 5.1. Let X be a compactum, L be a compact Hausdorff–Lawson lattice. An upper semicontinuous functional i :
USC(X, L)→ L is monotonic and horizontally maxitive if and only if (∗) is valid and
i((α ∨ β) ∧ χF ) = i(α ∧ χF ) ∨ i(β ∧ χF ) (∗∗)
for all F ⊂
cl
X, α, β ∈ L.
We need a binary operation	 on L: α 	 β = inf{γ ∈ L | β ∨ γ > α} for α, β ∈ L [12]. Obviously (α 	 β) ∨ β = α if
α > β .
Lemma 5.2. Let α, α′, γ ∈ L, α 6 α′. Then α 	 (α ∧ γ ) 6 α′ 	 (α′ ∧ γ ).
Proof of the Lemma. Put δ = α′ 	 (α′ ∧ γ ), then α′ = δ ∨ (α′ ∧ γ ), thus
α = α ∧ α′ = α ∧ (δ ∨ (α′ ∧ γ )) = (α ∧ δ) ∨ (α ∧ α′ ∧ γ ) = (α ∧ δ) ∨ (α ∧ γ ),
and δ > α ∧ δ > α 	 (α ∧ γ ).
Proof of the Theorem. Assume (∗), (∗∗) for i. If (ϕ ∧ λ)∨ψ = ϕ for ϕ,ψ ∈ USC(X, L), λ ∈ L, then i(ϕ ∧ λ)∨ i(ψ) 6 i(ϕ).
Let ϕ > α ∧ χF , then ϕ(x) ∧ λ > (α ∧ γ ) ∧ χF (x), and
ψ(x) > ϕ(x)	 (ϕ(x) ∧ γ ) > (α ∧ χF (x))	 (α ∧ χF (x) ∧ γ ) = (α 	 (α ∧ γ )) ∧ χF (x)
for all x ∈ X . Thus
i(ϕ ∧ γ ) ∨ i(ψ) > i((α ∧ γ ) ∧ χF ) ∨ i(α 	 (α ∧ γ ) ∧ χF ) (∗∗)= i(α ∧ χF ),
therefore, by (∗), we have i(ϕ ∧ γ ) ∨ i(ψ) > i(ϕ), i.e. the functional i is horizontally maxitive.
Now let i be monotonic and horizontally maxitive. Putting ϕ = (α ∨ β) ∧ χF , γ = α, ψ = β ∧ χF , we obtain (∗∗).
Property (∗) is proved first for a function of the form ϕ = ∨nk=1 αk ∧ χFk , all Fk are closed in X . Observe that (∗) for such ϕ
can be written as
i(ϕ) = sup{i(αk1 ∧ αk2 ∧ · · · ∧ αkl ∧ χFk1∪Fk2∪···∪Fkn ) | l ∈ N, 1 6 k1 < k2 < · · · < kl 6 n}. (∗′)
To start induction, observe that for n = 1 the statement is trivial. Let it hold for all n 6 m, and ϕ =∨m+1k=1 αk ∧χFk . Consider
the case when two αk, say, αm and αm+1, are comparable, e.g. αm > αm+1, then we can assume Fm ⊂ Fm+1. Put λ = αm+1
and ψ = ∨mk=1 αk ∧ χFk , then λ ∧ ϕ = αm+1 ∧ χFm+1 ∨∨m−1k=1 (αk ∧ αm+1) ∧ χFk . The equality ϕ = (λ ∧ ϕ) ∨ ψ implies
i(ϕ) = i(λ ∧ ϕ) ∨ i(ψ). By the assumption of induction,
i(λ ∧ ϕ) = sup{i(αk1 ∧ αk2 ∧ · · · ∧ αkl ∧ χFk1∪Fk2∪···∪Fkn ) | l ∈ N, 1 6 k1 < k2 < · · · < kl = m+ 1, kl−1 6= m},
here the latter inequality can be dropped without change of the value of the expression, and
i(ψ) = sup{i(αk1 ∧ αk2 ∧ · · · ∧ αkl ∧ χFk1∪Fk2∪···∪Fkn ) | l ∈ N, 1 6 k1 < k2 < · · · < kl 6 m},
thus
i(ϕ) = sup{i(αk1 ∧ αk2 ∧ · · · ∧ αkl ∧ χFk1∪Fk2∪···∪Fkn ) | l ∈ N, 1 6 k1 < k2 < · · · < kl 6 m+ 1},
i.e. (∗′) holds also for n = m+ 1 with two comparable αk.
Now for arbitrary α1, α2, . . . , αm+1 we again put λ = αm+1, ψ =∨mk=1 αk ∧ χFk , then λ∧ ϕ =∨m+1k=1 (αk ∧ αm+1)∧ χFk ,
and ϕ = (λ∧ϕ)∨ψ , thus i(ϕ) = i(λ∧ϕ)∨ i(ψ). Observe thatψ hasm ‘‘summands’’ and λ∧ϕ hasm+1 ‘‘summands’’, but
1 The term was originally used for real-valued functionals. For non-linearly ordered L it probably would be better to say ‘‘horizontal supremative’’ or so,
but we do not want to introduce extra terms.
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αm+1 and α1 ∧ αm+1 are comparable, so we can use (∗′) to the both functions. Thus we obtain (∗′) for n = m+ 1, therefore
for all n ∈ N.
Let ϕ : X → L be an upper semicontinuous function and F = {F1, F2, . . . , Fn} be a finite cover of X by closed sets. We
define a function ϕF : X → L by the formula ϕF (x) = sup{maxFk ϕ ∧ χFk(x) | 1 6 k 6 n}.
The set FC(X) of all finite closed covers of X is a directed poset when ordered by refinement: F = {F1, F2, . . . , Fn} ≺
G = {G1,G2, . . . ,Gm} if every Gj is a subset of some Fi. Then all ϕF for a fixed function ϕ form a monotonic net: ϕF > ϕG as
F ≺ G. This net converges to ϕ in USC(X, L), the functional i is upper semicontinuous, therefore i(ϕF ) converge to i(ϕ). But
it is straightforward to prove that the expression sup{i(α ∧ χF ) | α ∈ L, F ⊂
cl
X, α ∧ χF 6 ϕ} is also upper semicontinuous
w.r.t. ϕ, therefore it is a limit of the net
sup{i(α ∧ χF ) | α ∈ L, F ⊂
cl
X, α ∧ χF 6 ϕF },F ∈ FC(X).
For all ϕF the equality (∗) is true, thus it holds also for the function ϕ. 
Let X be a compactum and L be a compact Hausdorff–Lawson lattice. We denote by SMLX the set of all step maxitive
upper semicontinuous functionals USC(X, L)→ L.
Proposition 5.3. The set SMLX is closed in USC(USC(X, L), L).
Proof. Recall that, by Lemma 2.3, the space USC(X, L) is a compact Hausdorff–Lawson upper semilattice, and the mapping
supT (X,L)which sends each closed nonempty subset of T (X, L) to its supremum inUSC(X, L) is continuous. Let i : T (X, L)→ L
be an upper semicontinuous functional. Then the set exp(supT (X,L)×1L)(exp(msub i)) depends on i continuously and is the
subgraph of a step maxitive upper semicontinuous functional iˆ : USC(X, L)→ L. Moreover, if i is the restriction to T (X, L)
of a upper semicontinuous functional j : USC(X, L) → L that satisfies (∗), then j = iˆ. Thus the set of subgraphs of all u.s.c.
functionals USC(X, L) → L that satisfy (∗) (and therefore are monotonic) is the image of the compactum USC(T (X, L), L)
under a continuous mapping, therefore is a compactum. By Lemma 2.5, this implies that SMLX is compact, thus closed in
USC(USC(X, L), L). 
Let the set of all upper semicontinuous monotonic horizontally maxitive functionals on USC(X, L) be denoted by HMLX .
Remark 5.4. If a compact Hausdorff–Lawson lattice L is linearly ordered, e.g. for L = I (real-valued functionals), then the
property (∗∗) is valid for all monotonic functionals USC(X, L)→ L, thus HMLX = SMLX .
Proposition 5.5. Let X be a nonempty compactum and L be a compact Hausdorff–Lawson lattice such that for all elements
α, β ∈ L and neighborhoods V1 3 α, V2 3 β there is a neighborhood V 3 α ∨ β such that sup V 6 sup V1 ∨ sup V2.
Then the set HMLX is closed in SMLX.
Remark. It is easy to see that the latter condition on L is equivalent to the pairwise join ∨ : L× L→ L being open.
Proof. We show that any functional i : USC(X, L) → L that belongs to SMLX \ HMLX is an internal point in this set. There
are α, β ∈ L, F ⊂
cl
X such that
i((α ∨ β) ∧ χF ) 6= i(α ∧ χF ) ∨ i(β ∧ χF ).
The lattice L is Lawson, thereforewe can choose open neighborhoodsU 3 i((α∨β)∧χF ),U1 3 i(α∧χF ),U2 3 i(β∧χF ) such
that for all α′ ∈ ClU1↓, β ′ ∈ ClU2↓we have α′ ∨ β ′ 6∈ U↑. By the upper semicontinuity of i there are closed neighborhoods
OF ⊃ F , V0 3 0, V1 3 α, V2 3 β such that i(sup V0 ∨ (sup V1 ∧χOF )) ∈ U1, i(sup V0 ∨ (sup V2 ∧χOF )) ∈ U2. This implies that
the sets
Wk = {j ∈ SMLX | j(ϕ) ∈ Uk↓ for all ϕ ∈ USC(X, L)
such that subϕ ⊂ X × V0↓ ∪ OF × Vk↓}, k = 1, 2,
are open neighborhoods of i in SMLX . Let V 3 α ∨ β be an open neighborhood such that sup V 6 sup V1 ∨ sup V2. The set
W = {j ∈ SMLX | there is ϕ ∈ USC(X, L) such that subϕ ⊂ X × Int V0↓ ∪ IntOF × V↓, j(ϕ) ∈ U↑}
also is an open neighborhood of i (it is sufficient to put ϕ = (α ∨ β) ∧ χF ). Assume that there is a functional j ∈
HMLX ∩W1 ∩W2 ∩W , then the above mentioned function ϕ is less or equal then sup V0 ∨ (sup V ∧ χOF ), thus
U↑ 3 j(ϕ) 6 j(sup V0 ∨ (sup V ∧ χOF ))
= j(sup V0 ∧ χX ) ∨ j(sup V ∧ sup V1 ∧ χOF ) ∨ j(sup V ∧ sup V2 ∧ χOF )
6 j(sup V0 ∨ (sup V1 ∧ χOF )) ∨ j(sup V0 ∨ (sup V2 ∧ χOF )).
It is impossible because j(sup V0∨ (sup V1∧χOF )) ∈ U1↓, j(sup V0∨ (sup V2∧χOF )) ∈ U2↓, and their join cannot be greater
or equal than an element of U↑. Thus any point i ∈ SMLX \ HMLX is contained in a neighborhood that does not intersect
HMLX , therefore HMLX is closed in SMLX . 
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The following example shows that the openness of pairwise join is essential for HMLX being closed. Let X be a nonempty
compactum, x ∈ X and L = [0; 1] × [0; 1] ∪ {(a, a) | 1 6 a 6 2} with (a1, b1) 6 (a2, b2) if a1 6 a2 and b1 6 b2. Then L is
a compact Hausdorff–Lawson lattice, and ∨ : L × L → L is not open because the pre-image ∨−1 : L → exp(L × L) is not
continuous at (1, 1). The functional ip : USC(X, L)→ L, defined as
ip(ϕ) =
{
ϕ(x) if ϕ(x) > (p, p),
(0, 0) otherwise, ϕ ∈ USC(X, L),
is upper semicontinuous for 0 6 p 6 2, and ip converges to i1 as p→ 1+ 0, but ip ∈ HMLX for p ∈ (1; 2], i1 6∈ HMLX , thus
HMLX is not closed in SMLX .
It is still unknown to the author whether the openness of pairwise join is necessary for the closedness of HMLX in SMLX .
A wide class of functionals that satisfy (∗) is presented by seminormed fuzzy integrals [13] associatedwith lattice-valued
capacities (in the cited paper they are called confidence measures). Although the original definition by de Cooman and Kerre
is formulated in rather general settings, the authors show that, in order to comply to some natural requirements, a fuzzy
L-integral (where L is a complete lattice) must be determined by the lattice join and a t-seminorm, i.e. an isotonic binary
operation ~ such that 1 ~ α = α ~ 1 = α for all α ∈ L. It was also required that ~ satisfies the infinite distributive law
w.r.t. supremum in L.
Let~ : L× L→ L be isotonic in the both variables, continuous and satisfy the equalities (α∨β)~γ = (α~γ )∨ (β ~γ ),
γ ~(α∧β) = (γ ~α)∧(γ ~β). For L is a Lawson lattice, these equalities imply the infinite distributive lawsw.r.t. supremum
in the first variable and w.r.t. infimum in the second variable. Let also c be an L-valued capacity on a compactum X . Then
the formula
ic(ϕ) = sup{α ~ c(F) | α ∈ L, F ⊂
cl
X, α ∧ χF 6 ϕ}, ϕ ∈ USC(X, L)
defines an upper semicontinuous monotonic functional ic : USC(X, L) → L that satisfies (∗) and (∗∗) and therefore is
horizontally maxitive. If we also demand that 1 ~ α = α ~ 1 = α, 0 ~ α = α ~ 0 = α, then the functional ic is normalized,
i.e. ic(χX ) = 1, and c can be recovered by the formula c(F) = ic(χF ) for all F ⊂
cl
X . We denote ic(ϕ) by
∫ ∨
X ϕ(x) ~ dc(x) and
call it the L-valued (~,∨)-fuzzy integral of ϕ with respect to c (following [13]).
Putting ~ = ∧, we obtain the Sugeno integral as a particular case. An another example is obtained with L = I and
α ~ β = α · β .
6. Functional representations for the functor and the monad of lattice-valued capacities
If a mapping of compacta f : X → Y is continuous and µ is a regular probability measure on X , then the formula
Pf (µ)(F) = µ(f −1(F)), F ⊂
cl
Y , defines a regular probability measure Pf (µ) on Y . Moreover, the respective functionals µ
and Pf (µ) satisfy the equality Pf (µ)(ϕ) = µ(ϕ ◦ f ) for all continuous functions ϕ : X → R. It implies that the mapping
Pf : PX → PY is continuous, andwe obtain the probability measure functor P [7] in the categoryComp of compacta defined
in terms of linear functionals.
To find a similar representation for the functor of lattice-valued capacities, we will use a fuzzy lattice-valued integral,
therefore in the sequel L is a compact Hausdorff–Lawson lattice and ~ : L× L→ L is a continuous operation that is isotonic
in the both variables and satisfies the equalities (α ∨ β) ~ γ = (α ~ γ ) ∨ (β ~ γ ), γ ~ (α ∧ β) = (γ ~ α) ∧ (γ ~ β),
1 ~ α = α ~ 1 = α, 0 ~ α = α ~ 0 = α.
Recall that for an L-valued capacity c on a compactum X and an upper semicontinuous function ϕ : X → Lwe put
ic(ϕ) =
∫ ∨
X
ϕ(x) ~ dc(x) = sup{α ~ c(F) | α ∈ L, F ⊂
cl
X, α ∧ χF 6 ϕ}.
Let I~X be the mapping which sends each L-valued capacity c to the functional ic .
Proposition 6.1. The mapping I~X : MLX → SMLX is an embedding.
Proof. Weuse a fact from theproof of Proposition 5.3 that eachupper semicontinuous stepmaxitive functionalUSC(X, L)→
L is uniquely determined by its restriction to the set T (X, L) of all functions of the formα∧χF , with F ⊂
cl
X ,α ∈ L, and depends
on this restriction continuously. Therefore for each c ∈ MLX we consider
msub (ic |T (X,L)) = {({(α ∧ χF ) | ((F , β), α) ∈ F }, γ ) | F ⊂
cl
sub c × L,F 6= ∅, γ ∈ L, γ
6 sup{α ~ β | ((F , β), α) ∈ F }}.
It is easy to see that msub (ic |T (X,L)) continuously depends on sub c , thus ic continuously depends in c. For c(F) = ic(χF ) for
all F ⊂
cl
X , the mapping of compacta I~X : MLX → SMLX is continuous and injective, thus is an embedding.
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We denote the image of this embedding by SM~L X . It consists of all upper semicontinuous step maxitive functionals
i : USC(X, L)→ L such that i(χX ) = 1 and i(α ∧ χF ) = α ~ i(χF ) for all α ∈ L, F ⊂
cl
X .
Now we extend SML to a functor in the category of compacta. If a mapping of compacta f : X → Y is continuous and
i ∈ SMLX , we define SMLf (i) : USC(Y , L)→ L by the formula SMLf (i)(ϕ) = i(ϕ ◦ f ), ϕ ∈ USC(Y , L). It is straightforward to
verify that SMLf (i) is monotonic and upper semicontinuous. To show that SMLf (i) is step maxitive:
SMLf (i)(ϕ) = sup{i(α ∧ χF ) | α ∧ χF 6 ϕ ◦ f , α ∈ L, F ⊂
cl
X}
> sup{i(α ∧ χf−1(G)) | α ∧ χf−1(G) 6 ϕ ◦ f , α ∈ L,G⊂
cl
Y }
= sup{i((α ∧ χG) ◦ f ) | α ∧ χG 6 ϕ, α ∈ L,G⊂
cl
Y },
i.e. SMLf (i) satisfies (∗).
The continuity of the mapping USC(f , L) : USC(Y , L)→ USC(X, L)which sends each ϕ to ϕ ◦ f implies that the mapping
SMLf : SMLX → SMLY is continuous. It is obvious that SML preserves identity maps and compositions, therefore is a functor
in Comp.
Proposition 6.2. The collection I~ = (I~X)X∈ObComp is a natural transformation ML → SML.
Proof is a straightforward verification of the equality SMLf ◦ I~X(c)(ϕ) = I~Y ◦MLf (c)(ϕ) for all c ∈ MLX , ϕ ∈ USC(X, L).
By (∗), it is sufficient to consider only the case α ∧ χF , α ∈ L, F ⊂
cl
X .
Thus SM~L is a subfunctor of the functor SML, and there is a natural isomorphism I~ : ML → SM~L , which provides a
functional representation (in fact a family of functional representations) of the functor of lattice-valued capacities.
For the probability measure functor P the natural transformations η : 1Comp → P andµ : P2 → P are defined as follows
(in terms of functionals):
ηX(x)(ϕ) = ϕ(x), µX(M)(ϕ) = M(δϕ) for x ∈ X, ϕ ∈ C(X,R),M ∈ P2X,
here δϕ : PX → R is the continuous function defined by the formula δϕ(µ) = µ(ϕ).
The triple P = (P, η, µ) is the famous probability measure monad [7]. Its description in terms of set function is far less
convenient. It is natural to expect an analogous representation for the monad of lattice-valued capacities.
For a function ϕ ∈ USC(X, L) the mapping δϕ : SMLX → L, δϕ(i) = i(ϕ) for i ∈ SMLX , is upper semicontinuous. Thus for
a functional J ∈ SMLSMLX we can define a functional µsmL X(J) : USC(X, L)→ L by the formula µsmL X(J)(ϕ) = J(δϕ), with
ϕ ∈ USC(X, L).
Let ~ satisfy the conditions at the beginning of this section.
Proposition 6.3. Let X be a compactum, L be a compact Hausdorff–Lawson lattice and |X | > 2. If ∧ 6= ~, then
µsmL (SM
~
L SM
~
L X) 6⊂ SMLX.
Proof. We construct a functional J ∈ SM~L SM~L X such that µsmL X(J) does not satisfy (∗). Let x, y, z be distinct points of X
and let α, β ∈ L be such that α ~ β 6= α ∧ β . Then α ~ β < α ∧ β . We define c1, c2 ∈ MLX by the formulae
c1(F) =
{
1 if x ∈ F ,
0 if x 6∈ F , c2(F) =
{1 if z ∈ F ,
β if z 6∈ F 3 y,
0 if y, z 6∈ F ,
F ⊂
cl
X .
Then we put i1(ϕ) =
∫ ∨
X ϕ(x) ~ dc1(x), i2(ϕ) =
∫ ∨
X ϕ(x) ~ dc2(x) for all ϕ ∈ USC(X, L). Let also J ∈ SM~L SM~L X be defined as
J(Φ) = Φ(i1) ∧ Φ(i2) for allΦ ∈ USC(SM~L X, L).
If a function ϕ : X → L is defined as ϕ = (α∧χ{x})∨χ{y}, then i1(ϕ) = α, i2(ϕ) = β , thusµsmL X(J)(ϕ) = J(δϕ) = α∧β .
Each function on the form γ ∧ χF that is less or equal than ϕ is less or equal either than ϕ1 = χ{y} or than ϕ2 = α ∧ χ{x,y}. If
we assume step maxitivity for µsmL X(J), this implies
µsmL X(J)(ϕ) 6 µ
sm
L X(J)(ϕ1) ∨ µsmL X(J)(ϕ2),
but δϕ1(i1) = 0, thus µsmL X(J)(ϕ1) = 0. Similarly δϕ2(i1) = α, δϕ2(i2) = α ~ β , thus µsmL X(J)(ϕ2) = α ~ β , and we obtain
α ∧ β 6 α ~ β ∨ 0, which is a contradiction. The functional µsmL X(J) does not satisfy (∗), therefore does not belong to
SMLX . 
By a slight modification of the latter proof we can show that the following statement is valid.
Proposition 6.4. Let X be a compactum, L be a compact Hausdorff–Lawson lattice and |X | > 2, |L| > 3. Then µsmL (SMLSMLX) 6⊂
SMLX.
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Recall that themapping I~X : MLX → SM~L X is a homeomorphism for each compactum X . In particular, themapping I∧X
which sends each L-valued capacity to the Sugeno integral with respect to this capacity is a homeomorphism betweenMLX
and the set SM∧L X of all upper semicontinuous stepmaxitive functionals USC(X, L)→ L that satisfy the equalities i(χX ) = 1
and i(α ∧ χF ) = α ∧ i(χF ) for all α ∈ L, F ⊂
cl
X . Theorem 4.2 provides more elegant description of the set SM∧L X: it consists
of all upper semicontinuous monotonic functionals i : USC(X, L) → L that satisfy the equalities i(α ∧ ϕ) = α ∧ i(ϕ),
i(α ∨ ϕ) = α ∨ i(ϕ) for any α ∈ L, ϕ ∈ UCS(X, L).
Theorem 6.5. Let X be a compactum and L be a compact Hausdorff–Lawson lattice. For all C ∈ MLMLX the equality
µsmL X ◦ I∧SM∧L X ◦ SM∧L I∧X(C) = I∧X ◦ µLX(C)
is valid.
In otherwords, there exist a restrictionµ∧L X : SM∧L SM∧L X → SM∧L X of themappingµsmL : SMLSMLX → USC(USC(X, L), L),
and the diagram
MLMLX
I∧SM∧L X◦SM∧L I∧X/
µLX

SM∧L SM
∧
L X
µ∧L X

MLX I∧X
/ SM∧L X
is commutative.
Proof. We denote J = I∧SM∧L X ◦ SM∧L I∧X(C) and j = µ∧L X(J). Let ϕ : X → L be an upper semicontinuous function, then
j(ϕ) = J(δϕ) = sup{C(F ) ∧ inf
c∈F I∧X(c)(ϕ) | F ∈ expMLX}
= sup{C(F ) ∧ inf
c∈F sup{αc ∧ c({x ∈ X | ϕ(x) > αc}) | αc ∈ L} | F ∈ expMLX}.
Due to the complete distributivity of Lwe have
inf
c∈F sup{αc ∧ c({x ∈ X | ϕ(x) > αc}) | αc ∈ L} = sup{ infc∈F αc ∧ c({x ∈ X | ϕ(x) > αc}) | (αc)c∈F ∈ L
F }
6 sup{( inf
c∈F αc) ∧ (supc∈F c({x ∈ X | ϕ(x) > αc})) | (αc)c∈F ∈ L
F }
6 sup{( inf
c∈F αc) ∧ (c({x ∈ X | ϕ(x) > infc∈F αc})) | (αc)c∈F ∈ L
F }
6 sup{α ∧ inf
c∈F (c({x ∈ X | ϕ(x) > α})) | α ∈ L},
therefore
j(ϕ) = sup{C(F ) ∧ inf
c∈F sup{αc ∧ c({x ∈ X | ϕ(x) > αc}) | αc ∈ L}}
6 sup{C(F ) ∧ sup{α ∧ inf
c∈F (c({x ∈ X | ϕ(x) > α})) | α ∈ L} | F ∈ expMLX}
= sup{α ∧ sup{C(F ) ∧ inf
c∈F (c({x ∈ X | ϕ(x) > α})) | F ∈ expMLX} | α ∈ L}
= sup{α ∧ µLX(C)({x ∈ X | ϕ(x) > α}) | α ∈ L} = I∧X ◦ µLX(C)(ϕ).
On the other hand,
j(ϕ) > sup{j(α ∧ χ{x∈X |ϕ(x)>α}) | α ∈ L} = sup{J(δα∧χ{x∈X |ϕ(x)>α}) | α ∈ L}
= sup
{
sup
{
β ∧ SM∧L I∧X(C)({i ∈ SM∧L X | i(α ∧ χ{x∈X |ϕ(x)>α}) > β}) | β ∈ L
} | α ∈ L}
= sup
{
sup
{
β ∧ C({c ∈ MLX | α ∧ c({x ∈ X | ϕ(x) > α}) > β}) | β ∈ L
} | α ∈ L}
= sup
{
sup
{
β ∧ C({c ∈ MLX | c({x ∈ X | ϕ(x) > α}) > β}) | β ∈ L, β 6 α
} | α ∈ L}
= sup
{
α ∧ sup{β ∧ C({c ∈ MLX | c({x ∈ X | ϕ(x) > α}) > β}) | β ∈ L} | α ∈ L}
= sup{α ∧ µLX(C)({x ∈ X | ϕ(x) > α}) | α ∈ L} = I∧X ◦ µLX(C)(ϕ).
Thus
j(ϕ) = I∧X ◦ µLX(C)(ϕ). 
This immediately implies that the restriction µ∧L X : SM∧L SM∧L X → SM∧L X is continuous. For I∧ : ML → SM∧L is a natural
isomorphism of functors, we can transfer the structure of the capacity monad from ML to SM∧L along I∧. The obtained
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monad is isomorphic to the capacity monad ML. We denote it by M∧L . Its multiplication is µ
∧
L = (µ∧L X)X∈ObComp, and
the unit η∧L = (η∧L X)X∈ObComp is the collection of the mappings η∧L X : X → SM∧L X which are defined by the formulae
η∧L X(x)(ϕ) = ϕ(x), with x ∈ X , ϕ ∈ USC(X, L). We can treat the monad M∧L as a functional representation of the capacity
monad. Unfortunately, by Proposition 6.3 and Theorem 6.5, there exists a unique ~, namely the lattice meet, such that I~
together with the collection of all µsmL X lead to a monad, and the question of existence of other monads for the functor of
L-valued capacities remains open.
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